Stable networks of order  where  is a natural number refer to those networks that are immune to coalitional deviation of size  or less. In this paper, we introduce stability of a finite order and examine its relation with efficient networks under anonymous and component additive value functions and the component-wise egalitarian allocation rule. In particular, we examine shapes of networks or network architectures that would resolve the conflict between stability and efficiency in the sense that if stable networks assume those shapes they would be efficient and if efficient networks assume those shapes, they would be stable with minimal further restrictions on value functions. JEL Code: C62, C71.
Introduction
The last few years have witnessed a rapid growth of papers devoted to social and economic networks. A subset of those papers have focussed on stability and efficiency and the conflict between them. Stable networks refer to those networks which once formed will be immune to further changes. The formation process itself is sometimes left unspecified. Efficient networks are those which maximize a social welfare function that is a sum of the utility or payoff functions of individuals. It is well documented there is a general conflict between stability and efficiency, namely, in many settings stable networks are not necessarily efficient and efficient networks are not necessarily stable.
The notion of stability is itself not uniquely defined but depend on what coordination possibilities are available to players or individuals. The existing models of network formation have focussed on two ends of a coordination spectrum. On one hand they have focussed on individual and pairwise solution concepts such as pairwise stability (see Jackson and Wolinsky (1996) ) and strong pairwise stability (see Chakrabarti and Gilles (2007) ). On the other hand, they have assumed complete coordination with the result being any arbitrary coalition including the grand coalition can freely form and members can alter the structure of links in the coalition (see Jackson and van den Nouweland (2005) ).
In the real world very often, we can get intermediate levels of coordination resulting in formation of coalitions which are relatively small (smaller than the grand coalition) but at the same time bigger than a coalition of 1. Therefore, from both a mathematical point of view as well as an economic one, such coalition formation is of interest and this is the subject of the present paper. Stable networks of order  where  is a natural number refer to those networks that are immune to coalitional deviation of size  or less. In this paper, we introduce stability of a finite order and examine its relation with efficient networks.
The main objective is to identify specific classes of value functions where the conflict between stability of a certain order and efficiency is resolved. The focus of this paper is on the architecture based resolution of the conflict, namely, we investigate shapes of networks such that if efficient networks take those shapes, they are necessarily stable, and if stable networks take those shapes, they are necessarily efficient.
The question of network topologies or shapes or architectures for which there is no conflict between stability and efficiency may be significant. If there are a vast number of such networks and one is looking for networks which are simultaneously stable and efficient, one may first focus on those topologies for which there is no conflict between stability and efficiency under reasonable assumptions.
We shall pursue the transferable utility framework introduced by Jackson and Wolinsky (1996) . Under this framework, the network produces a certain value as defined by a value function which in turn is allocated among the players based on an allocation rule which determines the payoffs of the players. An example of such a framework would be, for instance, airline code-sharing, where the passenger embarking on a long distance flight pays an up-front fee which is distributed among airlines participating in the code-sharing network.
We assume that the value function follows certain well-known properties like anonymity and component additivity (see below for formal definitions) and focus on a certain allocation rule that has been popular in the literature, namely, the component-wise egalitarian allocation rule. Anonymity implies that value function only depends on the shape of the network and not the labels of the players. A component is a subnetwork where there is a path between any two players and no path The rest of the paper proceeds as follows. Section 2 introduces the notation and terminology. In Section 3 we impose the assumption of component additivity on value functions and under the component-wise egalitarian allocation rule, we look at that the configuration of efficiency compatible network architectures, by which we mean network shapes which ensure that if efficient networks assume those shapes, they are necessarily stable with no further restrictions on value functions. In Section 4, we impose the additional assumption of anonymity and we look at network architectures under which the conflict between stability of a certain order and efficiency is resolved.
We find a broad class of architectures for which stable networks of a certain order are necessarily efficient subject to existence of both stable and efficient networks which assume those architectures. Section 5 concludes.
Modelling Principles

Networks
In this section we define the formal elements to describe network formation along with some concepts borrowed from graph theory. Let  = {1 2     } be a finite set of players. A coalition refers to any subset of the player set and the size of a coalition is the number of players in that coalition. Two distinct players   ∈  with  6 =  are linked if  and  are related in some capacity. Usually we think of such links as economically productive relationships between players. These relationships are undirected in the sense that the two players forming a relationship are equals within that relationship. We do not rule out that these relationships have spillover effects on the productive relations between other players.
Formally, an (undirected) link between  and  is defined as the set { }. Throughout we use the shorthand notation  to denote the link { }. It should be clear that  is completely equivalent to .
In total there are 1 2 ( − 1) potential links on the player set . The collection of these potential links on  is denoted by
A network  is now defined as any collection of links  ⊂   . The collection of all networks on  is denoted by Let  :  →  be a permutation on . For every network  ∈ G  the corresponding permutation is denoted by
works   ∈ G  have the same topology or architecture if there exists a permutation
topology is a mathematical equivalence class with regard to the binary relationship ∼. It is obvious that the collection of all networks G  is partitioned into network topologies.
For every network  ∈ G  and every player  ∈  we denote 's neighborhood in  by   () = { ∈  |  6 =  and  ∈ }. Player  therefore is participating in the links
and let () = #() with the convention that if () = ∅, we let () = 1. 1 Also,
will be referred to as size of the network .
A path in  connecting  and  is a set of distinct players
We say  and  are connected to each other if a path exists between them and they are disconnected
there exists a path in  0 connecting  and  and for any  ∈ ( 0 ) and  ∈ (),  ∈  implies  ∈  0 . In other words, a component is simply a maximally connected subnetwork of . We denote the set of network components of the network  by ().
For any component  ∈ () the cardinality of () is the size of .
The set of players that are not connected in the network  are collected in the set of (fully) disconnected players in  denoted by
Such players are also known as singletons. Furthermore, we define
as the partitioning of the player set  based on the component structure of the net-
Namely, () denotes the subgraph of  on the player set .
Sometimes, depending on the context, we refer to a singleton as a null component, in which case a component as defined above is called a non-null component. 1 We emphasize here that if  () 6 = ∅, we have that () > 2. Namely, in those cases the network has to consist of at least one link.
We denote by   () be the set of all non-null components of size less than or equal to . A connected network is one where each pair of players are connected to each other. In other words, a connected network has one non-null component and no singletons. A network that is not connected is disconnected.
We shall emphasize certain network topologies. A star network is a connected network that has all players directly linked to a central player and no two other players directly linked to each other. A circle is a connected network in which every player is directly linked to two other players.
A critical player refers to a player who can by deleting a well chosen subset of links in her neighborhood link set can disconnect at least two other players. A network that has no critical players is referred to as a bi-connected network. 2 A circle, for instance, is a bi-connected network.
Value and Allocation
The value function given by  : G  → R such that (∅) = 0 expresses the collective network benefits stemming from a certain network. 3 A network value function  assigns a total benefit () ∈ R to the network  ∈ G  . The space of all network
(−1) − 1´-dimensional Euclidean vector space. The allocated payoff to an individual player is determined by an allocation rule  :
determines how the collective value is distributed over the individual players.
is the payoff to player  from the network  under the value function .
Let  ∈ V  be some network value function. We consider two fundamental properties of such a network value function:
• The network value function  is component additive if
(). Component additivity immediately implies that disconnected players  ∈  0 () generate no value.
• The network value function  is anonymous if (  ) = () for all permutations  and networks . Anonymity implies that benefits () depend on the topology of the network  only.
Next we define some properties of an allocation rule. Recall that
. Anonymity of the allocation rule simply means payoff of a player depends solely on the position in the network rather than the label of the players.
•
ness is a minimal property that will be assumed throughout.
• An allocation rule  is component balanced if • An allocation rule is component decomposable if
ability requires that if  is component additive, the way that value is allocated within a component does not depend on the structure of other components.
Let  ∈ V  be component additive. The component-wise egalitarian allocation rule is defined by
where
Under this rule, the value generated by a component is split equally among the members of that component. The component-wise egalitarian allocation rule satisfies anonymity, component balance and component decomposability.
Also, we consider the egalitarian allocation rule defined by
Clearly this allocation rule satisfies anonymity and balance, but not component balance or component decomposability. In our discussion these two allocation rules are featured prominently.
Stability and Efficiency
In this section we discuss network formation principles from a link-based perspective.
Central to this approach is that the formation of a link in principle is considered separately. Each link in the network involves a pair of players. While mutual consent is required for establishing a link, each player can delete a link unilaterally.
Denote by  + , the network obtained by adding link  to the existing network , i.e.,  +  =  ∪ { }. Similarly,  −  denotes the network that results from deleting link  from the existing network , i.e.,  −  =  \ {}.
Similarly, denote by  + , the network obtained by adding the link-set  to the existing network  where  ⊂   \. For  ⊂ ,  − denotes the network that results by deleting the link-set  from the existing network .
We introduce three fundamental link formation principles.
• A network  ∈ G  is link deletion proof (LDP) if for every player  ∈  and
Link deletion proofness requires that each individual player has no incentive to sever an existing link with one of his neighbors.
• A network  ∈ G  is strong link deletion proof (SLDP) if for every player  ∈  and every link-set
deletion proofness requires that each player has no incentive to sever links with one or more of his neighbors. Obviously, SLDP implies LDP.
• A network  ∈ G  is link addition proof if for all players   ∈ , it holds that
states that there are no incentives to form additional links.
These three fundamental stability concepts can be used to define additional stability concepts. A network  ∈ G  is pairwise stable if it is link deletion proof and link addition proof. Furthermore, a network  ∈ G  is strongly pairwise stable if it is strong link deletion proof and link addition proof.
Next we define certain notions of coalitional stability borrowed from Jackson and
Let  ⊂  be an arbitrary coalition.
These definitions reflect the fact that players can delete their links unilaterally but link addition requires cooperation of both players in question. Of course, coalitions can engage simultaneously in link addition and link deletion which we refer to as deviations.
• A deviation by  ⊂  is profitable if there exists a network  0 that is obtainable from  by  via deviation satisfying two properties:
Stable networks of order  are those that are immune to profitable deviations by any coalition of size  or less.
• A network  is link deletion proof (link addition proof) of order  ∈ N (where 1 6  6 ) with respect to allocation rule  and value function  if for any
by , and
• A network  is stable of order  ∈ N (where 1 6  6 ) with respect to allocation rule  and value function  if for any  ⊂  with || 6 ,  0 that is obtainable from  via deviations by  and
Pairwise stability was seminally introduced by Jackson and Wolinsky (1996) .
Strong pairwise stability as defined above has been introduced by Gilles It is important to note that stability of any order is stronger than link addition proofness and link deletion proofness of that order combined. In other words, a network may be both link addition proof and link deletion proof of order  but not strong stable of order . This is because it may be immune to both link formation and link deletion but not both simultaneously.
Finally, we define efficiency.
Cooperative Games and the r-Core
A TU cooperative game is a pair ( ) where  is the set of players, and  : 2  → R defines the productive value of a coalition, and is called the characteristic function.
Since the player set is fixed, we will simply refer to the characteristic function as a cooperative game.
An allocation  ∈ R  is in the r-core , where  is a natural number less than or equal to , if P ∈   = () and
The n-core is simply referred to as the core. Obviously, any allocation in the -core also belongs to the ( − 1)-core.
For the purposes of this paper, we are interested in a special type of cooperative game, which we denote by
Thus the value of a coalition is the maximum value that the coalition can obtain by rearranging its members in a network. The anonymity and component additivity of We shall assume only component additivity of value functions in this section but not anonymity. We shall also restrict ourselves to the component-wise egalitarian allocation rule. We begin with the definition of inclusive networks.
Definition 1 A network  0 which is obtainable from  by deviation by a coalition  ⊂  is said to be inclusive of  if for any   ∈ (),  ∈ (), there exists
In other words, the deviation would not result in breaking up existing components into smaller components though it allows the connecting of existing components to form larger components. So all types link addition is allowed while only those link deletions are allowed which do not destroy all existing path between any two players.
In Figure 1 ,  2 is inclusive of  1 while  3 is not because in  3 , there is no path between 4 and 5 which were previously connected. which we delineate as two cases.
Then, given that  0 is inclusive of , there exists a collection of player sets
Two other conditions have to hold. First,  must belong to one of the sets among
Call this set   . Second,   must contain at least one member of the deviating coalition, namely,
Since  is a member of the deviating coalition, it must be the case that
But, both  and  belong to   and ( 0  ) Hence,
Hence,
But, both  and  belong to () and ( 0  ). Hence,
From (8) to (10), we get
Now,  is a completely arbitrary player. Hence, it follows that in deviations leading to inclusive networks, there is no player in the player set  that is worse off. But there is at least one player in the player set  who is strictly better off from the definition of a profitable deviation. This contradicts that  is efficient.
Proposition 1 immediately leads to the following corollary.
Corollary 1 Under any component additive  and allocation rule   , an efficient network is link addition proof of any arbitrary order.
Proof. Link addition would only lead to inclusive networks. Hence, by Lemma 1, the result follows.
Hence, starting from an efficient network any profitable deviation must lead to a non-inclusive network. Next, we identify another type of deviation that is not profitable as well.
Definition 2 A player is said to isolate herself if she deletes all links in her neighborhood.
It is fairly simple of show that starting from an efficient network, isolation cannot be a profitable deviation. Table 1 Lemma 4 Let  be component additive and  =   . Given a network that is not deviation proof, we can find value functions for which it is not efficiency compatible.
Proof. Consider a network  that has an architecture that is not deviation proof under the allowable deviation in question. We shall construct a value function under which  may be efficient but not stable. Hence, we show that it is not efficiency compatible.
From Table 1 , the allowable deviations must include link deletion because there does not exist a network that is not deviation proof under link addition alone. 
Therefore,  is not stable.
Next consider a network  where the size of the largest component does not exceed 2 and  is not deviation proof with regard to the allowable deviation in question. We know from Table 1 can induce a profitable deviation by 2 deleting its link with 1 and forming a link with 3. Hence,  cannot be stable even though it is efficient. The same logic can be used to construct value functions under which any network with at least one singleton and one non-null component is efficient but not stable.
Finally consider a network  where all components have size 2. There must necessarily be an even number of players. Consider an anonymous value function and assign a value 1 to components of size 2 or less and a value 7 4 to a star component of size 3. Let all other components earn zero value. The network is efficient but not stable since a coalition of 2 can form a star and earn a higher payoff of A given cooperative game  and a cost per link  lead to a value
In order to ensure that   (∅) = 0, we limit ourselves to zero-normalized characteristic functions, i.e. ({}) = 0 for each  ∈  . Jackson and van den Nouweland (2005) show that if  is convex and symmetric, then a strongly stable and efficient networks exists. We can do away with both convexity and symmetry but impose the restriction that  = 0 and prove that there exists an efficient and strongly pairwise stable network. The reason is obvious. If  = 0, value depends only on partitioning of the player set Γ rather than the exact network structure. Therefore there exists a certain partition that yields the highest value. One can always find a bi-connected network that yields the efficient partition by replacing each component of an efficient network by a completely intra-connected component. Such a network will be both efficient and strongly pairwise stable. The same cannot be said of any order of stability equal to or higher than 2.
Lemma 5 For  0 , there always exists a network that is both efficient and strongly pairwise stable.
Component Size, Stability and Efficiency
Existence of Stable Networks and Efficiency
In this section, we will explore the relationship between stability and efficiency conditional on the fact that one or the other exists but we shall make the additional rather strong assumption of anonymity. Under these two assumptions, namely, component (ii) The set of stable and efficient networks coincide;
(iii) The core of   is non-empty.
We extend the results to stability of any arbitrary order. First, we start with some results that are not directly related to the question under investigation but will prove useful later on. The proof of the proposition below is a straightforward extension of We provide a counter-example in the working paper version of our paper.
We will end this subsection with a comment on Jackson and van den Nouweland's 
The proof is a straightforward extension of the proof of Lemma 1 of Jackson and van den Nouweland (2005) and so we do not replicate it here. A proof is however available in the working paper version of this paper. Now, we can prove the following proposition.
Lemma 7 Let  be component additive and anonymous. If the -core of   is nonempty, then starting from any efficient network with component-size less than or equal to , there cannot be any profitable deviation that leads to another network with component-size less than or equal to .
Proof. Let the network  be efficient relative to  and have a component-size less than or equal to . Suppose the -core of   is non-empty. Then, from Lemma 6,
Further, since the component-size of  is less than or equal to , from the definition
Hence, all weak inequalities must hold with equality and therefore for each
Now, given that under b , each player gets equal payoffs, namely, b
Now, consider any arbitrary network  0 with component size less than or equal to .
From the definition of the -core, it follows that
since b
From (11) and (12), it follows that
Therefore, the lemma follows.
We can combine Proposition 2(b) and Lemma 7 to get the following result. Finally, note that the converse of Proposition 2(b) does not necessarily hold.
Namely, the -core can be non-empty but there need not exist any network that is stable of order . To see this, reconsider the example below. We can summarize the results of this section as follows. For a given value function  (which we assume is anonymous and component-additive), let () be the set of efficient networks and   (  ) be the set of stable networks of order  under the allocation rule  . Let Then,
Convexity of Value Functions
The next question we shall tackle is what restrictions on value functions guarantee the existence of at least one efficient network that is stable of order .
From the above section, we have a sufficient condition: 
Top convexity is both a necessary and sufficient condition for a strongly stable network to exist and under this condition, the set of stable networks coincide with the set of efficient networks. Given that there must always exist an efficient network, top-convexity guarantees the existence of an efficient and strongly stable network.
It immediately follows that top convexity guarantees the existence of an efficient network which is stable of order  for any arbitrary .
CS Condition- is not necessarily weaker than top-convexity. Top-convexity guarantees existence of a stable network but not necessarily one with component-size less than . In fact, neither condition implies the other. Value functions may satisfy top convexity but not CS condition-. Also, value functions may also satisfy CS condition- but not top-convexity. When  =  do the two conditions coincide. In the working paper version of our paper, we provide suitable counter-examples.
Top convexity is also necessary and sufficient for the core of   to be non-empty.
We can define a condition on value function (which is similar to top-convexity but weaker) which is necessary and sufficient for the existence of the -core.
Definition 5 A value function is convex of order  if
for all  ⊂  such that || 6 .
Then we have the following lemma which is a straightforward extension of Jackson and van den Nouweland's (2005) Theorem 3 and so we skip the proof.
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Lemma 8 The -core of   is non-empty iff the value function is convex of order .
Of course, convexity of order  is a necessary (from Proposition 2(b)) but not sufficient condition for existence of a stable network of order . In Example 1, for instance, the allocation of 1 to every player belongs to the 4-core where but there does not exist any network that is stable of order 4. To summarize:
(i) CS condition  is a sufficient but not necessary condition for existence of an efficient network that is stable of order .
(ii) Top convexity is a sufficient but not necessary condition for existence of an efficient network that is stable of order  (iii) Neither of the two above conditions implies the other but the two conditions coincide if  = .
(iv) Convexity of order  is necessary but not sufficient for existence of a stable network of order .
Conclusion
In this paper we introduce stability of a finite order and examine its relationship namely, bi-connected graphs. Once we add anonymity, it holds that if there exists at least one efficient network with component-size less than or equal to , then all stable networks of order  with component-size less than or equal to  must be efficient. We show using counter-examples that the results cannot be strengthened in any way. From this result, we identify a set of sufficient conditions in terms of stable and efficient networks assuming certain architectures which we call CS condition- which ensures there exists a network that is stable of order  and efficient. These condition coincides with top-convexity when  is equal to the total number of players but otherwise neither follows from nor implies top convexity.
